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Abstract:

The concept of missile defence traces its root to the Cold War. In the present era, missiles development are
constantly evolving and Air-to-air missiles are used on many modern military combat aircraft for self-defence.
A control system for a missile is responsible for its attitude, while missile guidance system is responsible for
controlling its trajectories. This paper aims at presenting the state of the art concerning the application of the
robust mu-analysis techniques of linear systems of longitudinal flight of a missile. The introduced autopilot is
implemented within the 6DOF simulation to check its robustness against non-modeled dynamics and
nonlinearities. The non-linear 6DOF equations of motions are solved together to obtain the roll transfer
function. The simulation results demonstrated the robustness capability in presence perturbed and noise.
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I. Introduction

The missile guidance and control technologies are undergoing continuous advancement because the
guidance and control system plays a key role in realizing the flight mission of missiles. The robust mu-analysis
of a missile is a type of control of which the purpose is to guide the performance and stability of a system
during flight face to uncertainties of the model and a difficult task since the dynamics of the system is no linear,
unstable on certain flight ranges and has a strongly coupled dynamic. Indeed, the mathematical model that
models a real system is a representation that aims to best approximate, with simplifying assumptions, the system
we want to control.

II.  Material And Methods
Analysis of the nominal system of a missile
The Figure 1 represents the simulation diagram of the longitudinal flight of the missile.
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Figure 1: Control of the longitudinal flight of the missile.

The objective is to control the acceleration A, by using the two possible measures:
- Acceleration 4, ;
- Instantaneous rotational speed q.
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&, is the servo command for the control surface. It is drawn up from the P.I. controllers which have
respectively as transfer functions K; and K.

Longitudinal flight state-space equation
After linearization of the missile aerodynamic equations around a trim condition, we obtain the
following equations:

() = Zga(t) + () + Zqd(0) (1)

6(t) = 4(t) = Maa(t) + Ma6(t) )

5(t) = 6(t) 3)

§5() = —w?8(t) — 28w, 8(t) + w2s.(t) (4)

q(t) = q(®) ®)

The nominal values of the aecrodynamic coefficients of the missile are:

- Z, =—1.3046
- M, =47.7109
- Zy=—0.2142

- M, = —104.8346

The remaining parameters are:

- Missile velocity : V = 886.78 ft/s

- Actuator damping ratio : £ = 0.6

- Actuator natural frequency : w, = 113 rad/s

Longitudinal flight simulation
Figure 2 shows the block diagram of the system.
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Figure 2: Block diagram of the longitudinal flight of the missile.

With :
- A, : vertical acceleration command
- 6, : fin deflection command
- ¢ : fin deflection angle
- q:instantaneous angular velocity
From (1), we have:
pa(p) = Z,a(p) + q(p) + Z46(p) (6)
(» —Zalp) = q(p) +Z46(p) (N
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Hence:
Z
a®) = 5= a0) + 5= 50) ©
From (2) we have:
pq(p) = Maa(p) + My6(p) )
@) = My [—— () + —%—5)| + Ma5 ) 10
rq(p ol =7 W) + -0 a8
[p(p — Zo) — Malq(p) = [ZaMy + Ma(p — Z,)]16(p) (1)
We obtain:
a®) _ ZaMa + Ma(p — Z4) (12)
s(p) p(p—Zy) — M,
q(p) _ Map = MaZo + ZsM, (13)
5(p) P2 —Zsp — M,
From (3) we have:
p*8(P) = —w;8(p) — 2§ w,pS(p) + w5, (p) (14)
(pz + sznp + 0)121)5(17) = wr%ac(P) (15)
And we obtain:
5(p) w? (16)
5:(p)  p?+ 28w,p + W}
The transfer function G, (p) is written according to (13) and (16) :
q(p) (17)

G,(p) = 5.(0)

Wi [Mgp —MyZ, + ZyM,]
(p? + 28wnp + WR)(P? — Zgp — M,)

G,(p) =

From (4) we have
A,(p) =VZya(p) +VZa6(p) (18)
By replacing a(p) with the equation (18), we obtain:

A,(p)=VZ [ L)+ 5(;))] +VZ45(p) (19)
z “ P — Za p— Za ( )d
1 ZaZo+Z4(p —2Z, (20)
ZA = 7 1)
7 A:) — aq() + ( — (®)
Yet:
q(p) _ Mgp — MgZ, + ZgM, (2D
5(p) zpz —Zgp — M,
p°—=Zp— M, (22)
5(p) = . “—q(p)
Mgp — MyZ, + ZgM,
Hence:
1 1 ZdZa + Zd(p - Za) pz - Zap - Ma (23)
—A = Z
A — aq(®) + [ —Z. Mop = MyZ, & Z,M, q(p)
1 1 ZyZy+ Zy(p —Z,) p:—Z,p—M (24)
—A,(p) = Zy+—= 2. : “— | [g®)]
|4 p_Za p_Za Mdp_MdZa +ZdMa
lA () = (Mgp —MgZy + ZgMo)Zg + [Z4Zo + Z4(p — Z)[p? — Zap — M,] a(p) (25)
|4 z (p - Za)(Mdp - MdZa + ZdMa)
Az(p) _ (Mdp - MdZa + ZdMa)Za + [ZdZa + Zd(p - Za)][pz - Zap - Ma] % (26)
q(p) ) P —Zg)Mgp — MyZy + ZgM,)
Az(p) _ ZaMdp - MdZa + ZaZdMa + [ZdZa + Zd(p - Za)][pz - Zap - Ma] % (27)
q(p) P —Zg)Mgp — MyZy + ZgM,)
Finally, we obtain:
A,(p)
G,(p) = qz(p)
VIZyp* = (ZaMa = ZaMy)] (28)
G,(p) =

Map + (ZgMq — Z,M,) ]
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Robust control of the longitudinal flight

We propose to analyze the robustness of the longitudinal flight control system of a missile with respect to
uncertainties in the aerodynamic parameters.

The Figure 3 represents the perturbed system.

Az + © oy 6c =1 4 D A,
2

E\",
.
o

o

Figure 3: Block diagram of the perturbed system

The system parameters are subject to parametric uncertainty. Each uncertain coefficient p; €
{My; Zo; My; Z,} is represented as:
Di = pi(1+ w;6), 161 <1
29)
Where p; (p € {My; Z4; My; Z;3) is the nominal value of the considered parameter and w; (w; €
{w M) Wz Wy Wz d}) the coefficient of the corresponding weighting. w; = 0,2 is chosen for all parameters.

Using the upper linear fractional transformation, we have:

Pi = [Qa2 + Q210, (I — Q110,) 7 Q1] (30)
Let:
_[0 m (31)
Qi = wj Pi]

Hence the block diagram of the perturbed system is shown in the Figure 4.
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Figure 4: Block diagram of the perturbed system in longitudinal flight of the missile.

Simulation of M,
Let use denote

My = My(1 + w64, (32)
Ma = Ma + MawMaSMa (33)
Ma = FZ[PMaﬂ(SMa] (34)
_ -1
M, =P + P125Ma[1 - P226Ma] Py 35)
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Figure 5: Simulation of M,

By identification, we obtain:

P = [Ma Mywp, (36)
_ Ma ™11 0
Simulation of Z,
Let use denote
Za = Za(l + wzaaza) (37)
Za = Za + Za(l)za(SZa (38)
Z, = [Py, 6] (39)
~ -1
Zqg =Py +P1252a[1_P2252a] Py (40)
By identification, we obtain:
p, = [%a Zawz, (41)
Tl o
o0—»| — o
| Pz
o— Za — =
bz, <
Figure 6: Simulation of Z,,
Simulation of M,
Let use denote
Md = Md(l +de5Md) (42)
Md = Md +deMd5Md (43)
Md =Fl[PMd'6Md] (44)
~ -1
My =Py +P125Md[1_P225Md] Py (45)
By identification, we obtain:
p, = [Md deMd] (46)
@ 1 0
oO——» ————O0
o— i, — =
Om d )
Figure 7: Simulation of M,
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Simulation of Z,
Let use denote

Zd =Zd(1+(,l)zd6zd) (47)
Zd =Zd +Zda)zd6zd (48)
Zd = Fl [PZd' 6Zd] (49)

_ -1
Zq =P+ P1252d[1 - P226Zd] Py (50)

By identification, we obtain:
P, — [Zd Zgwy, (51)
), =
a 1 0
O——» ———0

Figure 8: Simulation of Z,
. . 1
Simulation of —
My
Let use denote
My =Ma(1 + wp,bu,) (52)
1 _ 1 (53)
My Ma(1+ wp,bu,)
1 1 11 (54)

= =77 (_de)de[l - (_de)aMd]_ M_d

M, My
1 (55)
i, - h [Prtg S,
1 -1 (56)
T Q22 + 0215Md[1 - Q115Md] Q12
d
By identification, we obtain:
1
Qug = 1 (57)
—wy, M_d
o0—>  E—
Qny
1
oO—» — —> =
My
Sm,
Figure 9: Simulation of L
Mq
Simulation of M, Z, — M,Z,
Zh'd | Ma | l
e I 8+ S
(7] |
@

Figure 10: Simulation of M,Z, — M,Z,
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; Pzd : PMa.
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Figure 11: Simulation of M,Z,; — M,Z,

oM, Lo
M
o o
€ N
Figure 12: Simulation of M,Z,; — M,Z,
Simulation of G,(p)
~ q(p) (58)
AR ON
G(p) = wi|Myp — MyZ, + Z,iMa] _ (59)
(PZ + sznp + wrzl)(pz - Zap - Ma)
G.(p) = [ i wy, ] [ I?dp _ ZdMa~_ MdZ:a] (60)
p?+28wnp + Wi | [p* = Zyp— M, p*—Zop— M,
Gi(p) = Gs()[Gi(p) + G (0] (61)

8 l+ g
]

Figure 13: Simulation of G,;(p)

~ _ Mup (62)
Gi(p) = N —
A (63)
G(p) = E},(p)
Vi(p) Mgp (64)
Eil(p) B pz _~Zap - Ma _
p*Vi(p) — ZapVi(p) — MoV (p) = MypE: (p) (65)
U1(8) — Zo01(8) — Mgqu, () = Myéq(t) (66)
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U1(8) = Mgé,(t) + Zgv1 (t) + Mavy (t) (67)
él .. - vl
s ] el + 1.71 vl i
o— My o f 4’®—’+ i " f o
+ E
Zg [«
x +
M, |
Figure 14: Simulation of G,(p)
é] e + «[';}1 — 1'71 vq
o @] 0 o
Mg +:l
+
-—
6Md + Y |: Pza
024
PMa
M,
Figure 15: Simulation of G, (p)
G,(p) = F,[Gy,A4] (63)
S, -
8z,
Gy
e
o R
G,
Figure 16: Simulation of G, (p)
- Z, M, —M;Z 69
Gz(p) — zd a~ d ~a ( )
p _V?a(p)_ Ma
~ p (70)
G,(p) = =
2(p)~ ~E2 (p’)v )
Vo(p)  ZgMg — MyZ, (71)
B EZ(p) sz - Zap _~Mg o
PV, (p) = ZapVo(p) — MgV, (p) = (ZaM, — MyZ,)E, (p) (72)
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1.7'2(t) - Zaﬁz(t) - Mavz (t) = (ZdMa - MdZa)eZ(t) (73)
1'J‘Z(t) = (ZdMa - Mdza)ez(t) + Zaﬁz(t) + Mavz(t) (74)
€2 == = = L % % v
o—— M,Z,—MyZ, —._{® z,m 2 -m—«—.z
+ =
Zq |+—
I +

Figure 17: Simulation of G, (p)

Zdt?

€y + +

1

[ PMav
SM(IQ"_

Figure 18: Simulation of G,(p)

0z,
O, I —
] 8,1 -
|— - ]
* Gy
e U
G,
Figure 19: Simulation of G, (p)
G, (p) = F,[G,,4;] (75)
Simulation of G¢(p)
ws (76)
Gs(p) = 2 - 2
p? + 28 w,p + w2
Vs (p) (77)
Gs(p) = -
Es(p)
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Vi(p) wh (78)

Ei(p) P2+ 28wnp + w?
P*Vs(p) + 28w, pV;(p) + wiVe(p) = WiE(p) (79)
ijs(t) + Z‘Swnﬁs(t) + wrz1vs(t) = wges(t) (80)
ﬁs(t) = a)rzles(t) - wanl}s(t) - w?%vs(t) (81)

e v ;
ol ot @ {T I —"

28wy

w2 f—

Figure 20: Simulation of G4(p)

Simulation of G ;(p)
~ A,(p) (82)
G A
~II(IZ) qul o )
3 VZp? —V(Z,M, — 7,0 83
Gy(p) = fp ~( E —— d)
Mgp + (ZdMa - ZaMd)
C(o) = VZ,p? _ V(Z,M, — Z, M) (84)
T Map + bl = Zay)  Map + (2o, — Zl,)
G (p) = G3(p) — G4(p) (85)
> 63
q 22 A
o—9 (8}—»—0 z
& G~4,
Figure 21: Simulation of Gy;(p)
Simulation of G3(p)
~ _ Vdez (86)
) = G, — 2.0,
~ V3(p) (87)
G =
3(P) Ei(p)
V3(p) _ VZ4p? (88)
Es(p) Mup + (ZyM, — Z, M)
Vs(Pz[MdP t(Z;dMa - %aMd)] = VZdPZE3(P) (89)
Vas(@)Map + (ZaMy — Z,My)Vs(p) = VZ,p*Es(p) (90)
Myv3(t) + (ZyMy — ZoMy)vs(t) = VZaé5(0) (C29)
Myv5(t) = VZaé5(0) — (ZdMa - Zaﬂd)v3(t) (92)

Figure 22 illustrates the simulation of G3(p).
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Figure 22: Simulation of G;(p)
€3 . . + . U3
v o PZde ® | QMd 3
SZde 6Md
PMaVJ |:: Pzdv iy
6Mav 6Zdv
4.? e
> PMdv‘i||:i PZav
6M dv| 6Zav
Figure 23: Simulation of G3(p)
6‘1md
524 [2
5Mﬂ
61(,
[ - :|
G3
€3 U3
© 0
Gs
Figure 24: Simulation of G;(p)
Simulation of G ,(p)

V(Z,M, — Z, M)

O o 1 Gy~ 2T5)
; v,
6 = Efzg

(93)
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Vi(p) _ V(ZaMa - ZaMd) %94)
Eo(p)  Map + (Zabl, — Z,0,)
Vi(p) [Mdp + (ZdMa - ZaMd)] = V(ZdMa - ZaMd)E4(p) 95)
MapVa(p) + (ZgMy — Zo My )Va(p) = V(ZyMy — Z,My)E4(p) (96)
My, (t) + (ZdMa - ZaMd)vzl(t) = V(ZdMa - ZaMd)e4(t) 7
M0, (t) = V(Zdﬁ?a — ZoMy)ey(t) — (ZaMy — ZoMy)v,(0) (98)
Figure 25 illustrate the simulation of G, (p).

€4

— - 1 | v V4
o—s V Mo ZyMaZ, —@R— T — [y

_I Mafd'ﬁdfa

Figure 25: Simulation of G,(p)

Va4

Figure 26: Simulation of G4(p)

6de
6Zd12
6Md12
6Za12
6Md12
> 64
€4 | 2
o O
Gy

Figure 27: Simulation of G,(p)
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Simulation of the controller K(p)

&

7]

Sprgls
|: - :|
Pmd

Pma

4
d, Pmd
q
Figure 30: Simulation of G(p)
We have :
G(p) = E,[G, A] 99)

For the controller synthesis of this system, a direct additive model error is assumed (Figure 31).
The weighting selections are selected in such a way that :

S 1 (100)
Wi =107 W =10° —

: L

Figure 31: Block diagram of the synthesis
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Mu-analysis of a missile
The block diagram for analyzing the system with structured and unstructured uncertainties in the Figure 32.

zy Z, d

o1 18 .

- +

Figure 32: Block diagram of the system with structured and unstructured uncertainties

III. Result
Frequency response of the lower and upper bounds of the structured singular value of the matrix M,,,
matrix for nominal performance analysis, of each type of controller is illustratedd in the Figure 33. The red
curve represents the loop closure Ky and the green curve that of K;p.

Performance nominale du systéme bouclé: V.S.S de M22

10° 10°
Pulsation (rad/s)

Figure 33: Analysis of the nominal performance

Table nol: Analysis of the nominal performance
Loop closure Wy (rad/s) max[u(M,,)]
Ky 0,523 0,054

The system is considered robust in performance because max[u(M,,)] < 1 for the two loop closures
(Table nol).

Robustesse en stabilité du systéme bouclé: V.5.5 de M11

infimu) M11, |
E ) M1,
inf{mu) rmep

sup(mu) I'u'lﬁl_F

10° 10°
Pulsation (rad/s)

Figure 34: Analysis of the robustness in stability.
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Pulsation (rad/s)

Figure 35: Analysis of the robustness in performance.

Table no 2: Analysis of the robustness in performance.
Loop closure wpy(rad/s) max[u(M)] Guarantee of the performance

1
K 4 —
; 0,05 0,5369 Il < 55369

Frequency response of the lower and upper bounds of the structured singular value of the matrix M4,
robustness analysis matrix for system stability, for each type of controller is shown in the Figure 34. The red
curve corresponds to the loop closure in K; and the green curve that of K; p. Frequency response of the lower
and upper bounds of the structured singular value of the matrix M,,, robustness analysis matrix for system
performance, for each type of controller is shown in the Figure 35. The red curve corresponds to the loop
closure in K and the green curve that of K p.

IV.  Discussion
The system is considered stable and robust in performance for the two loop closure. A large guarantee
of stability and performance for the loopback with the corrector obtained by the synthesis H,, is stated.

V.  Conclusion
In this article, we have been able to develop robustness synthesis analysis tools for a linear system of
missile. Structured singular value is one of the very powerful tools for analyzing the robustness of a linear
system tainted by uncertainty. We have explained how the mu-analysis method can analyze the robustness of
stability and performance of a system.
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